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Abstract. In the paper, I considered construction of algebra of fractions of 
algebra with conjugation. I also considered algebra of polynomials and algebra 
of rational mappings over algebra with conjugation. 



Contents 

1. Auxiliary Theorems 1 

2. Field of Fractions of Scalar Algebra 4 

3. Algebra of Polynomials 7 

4. Ideal 8 

5. References 9 

6. Index 10 

7. Special Symbols and Notations 11 



1. Auxiliary Theorems 
Theorem 1.1. Let a, b 6 Im A Then 

(1.1) Re (ab) = Re (ba) 

(1.2) Im (ab) = -Im (ba) 

(1.3) ab=(ba)* 

Proof. Since condition of lemma is true, then 

(1.4) a* = -a b* = -b 

The equation (1.3) follows from the equation (1.4) and the equation 

ab = a*b* = (ba)* 
Therefore, equations (1.1), (1.2) follow from equations 

ab = Re (ab) + Im (ab) 
ab = (ba)* = Re (ba) — Im (ba) 

□ 
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Theorem 1.2. Let a e A. Then 
(1.5) aa* = a* a 

Proof. The equation (1.5) follows from equations 
aa* = (Re a) 2 — (Rea)(Ima) + (Imo)(Rca) - 
a* a = (Re a) 2 + (Re a) (Im a) — (Im a) (Re a) - 



(Ima) 2 
(Ima) 2 



(Re a) 2 
(Re a) 2 



(Ima) 2 
(Ima) 2 



□ 



Theorem 1.3. Let A be associative algebra with conjugation. Then 1 



(1.6) 

Proof. Since 



(ab)(ab)* = (aa*) (66*) 



a = Re a + Im a 
b = Rc b + Im b 

then 

(1.7) aa* = (Rca) 2 - (Rca)(Ima) + (Ima)(Rca) - (Ima) 2 = (Rca) 2 - (Ima) 2 

(1.8) bb* = (Rc6) 2 - (Im6) 2 

(1.9) ab = (Re a) (Re 6) + (Rea)(Im6) + (Ima) (Re b) + (Ima)(Im6) 
(a&)* = (Re a) (Re 6) - (Rea)(Im6) - (Ima) (Re b) + ((Im a)(Im b))* 

(1.10) = (Re a) (Re 6) - (Rca)(Im6) - (Ima) (Re b) + (Im6)*(Ima)* 
= (Re a) (Re b) - (Re a) (Im b) - (Im a) (Re 6) + (Im 6) (Im a) 

(ab)(ab)* 

=( (Re a) (Re b) + (Rea)(Im6) + (Ima) (Re b) + (Ima)(Im6)) 
*((Rea)(Rc6) - (Rea)(Im&) - (Ima)(Rc6) + (Imo)(Ima)) 
=(Rea)(Re6)(Rea)(Re6) + (Rea)(Im6)(Rea)(Re6)_i_ 
+(Ima)(Re6)(Rea)(Re6)_ 2 _ + (Ima)(Im6)(Rca)(Rc&)_ 3 _ 

(1.11) -(Rea)(Re&)(Rea)(Imb)_i_ - (Rca)(Im6)(Rca)(Imo) 
-(Ima)(Reo)(Rea)(Im6)_ 3 _ - ((Ima)(Im6))(Rea)(Im6) 

-(Rea)(Re6)(Ima)(Rc6)_ 2 - - (Rca)(Imo)(Ima)(Rc6)_ 4 - 
- (Im a) (Re 6) (Im a) (Re b) - ( (Im a) (Im 6) ) (Im a) (Re b) 
+(Rea)(Re6)(Imo)(Ima)_ 4 - + (Rea)(Im6)((Im6)(Ima)) 
+(Ima)(Rc6)((Im6)(Ima)) + ((Ima)(Im6))((Im6)(Ima)) 



lr The theorem 1.3 has more simple prove. Namely, the theorem follows from the equation 

(ab)(ab)* = (a6)(6*a*) = a((bb*)a*) = (aa*)(bb*) 

However, I hope to find conditions when the theorem 1.3 is true for non associative algebra. The 
proof in the text is the basis for future research. 
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From the equation (1.11), it follows that 
(ab)(ab)* 
= (Rea) 2 (Reo) 2 

-(Rca) 2 (Imfo) 2 -(Irna) 2 (Re&) 2 
+ ( (Im a) (Im 6) ) ((Im b) (Im a) ) 

-((Ima)(Im&))(Rea)(Imb) + (Rea)(Im6)((Imo)(Ima)) 
-((Ima)(Im&))(Ima)(Re&) 
Since the algebra A is associative, then 
((Ima)(Im6))(Im6) = 



(Ima)(Reo)((Im &)(Ima)) 



(1.13) 
(1.14) 
(1.15) 



( (Im a) (Im b) ) (Im a) 
( (Im a) (Im b) ) ((Im 6) (Im a)) 



(Im a) ((Imb) (Imb)) 
((Im&)(Im6))(Ima) 
(Im6)((Im 6)(Imo)) 
(Im a) ((Im b) (Im a) ) 
(Im a) ( (Im 6) ((Im b) (Im a))) 
(Im a)(((Im 6)(Im fe))(Im a)) 
= ( (Im a) (Im a) ) ( (Im 6) (Im 6) ) 
= (Ima) 2 (Im&) 2 
It follows from equations (1.12), (1.13), (1.14), (1.15) that 
(ab){ab)* =(Rea) 2 (Re6) 2 - (Rea) 2 (Im6) 2 
-(Imo) 2 (Rcfe) 2 + (I ma) (Imb) 
(1.16) =(Rea) 2 ((Rc6) 2 - (Im6) 2 ) 

-(Ima) 2 ((Rcfe) 2 - (Imb) 2 ) 
=((Rea) 2 - (Ima) 2 )((Refo) 2 - (Im&) 2 ) 
The equation (1.6) follows from equations (1.7), (1.8), (1.16). 
Theorem 1.4. Let A be associative algebra with conjugation. Then 



(1.17) 




□ 



Proof. For m = 1, the theorem is obvious. For m - 
the theorem 1.3. Let the theorem is true for m = p 

p-i 
b = JJ ai 

i=l 



2, the theorem follows from 
1. Let 



-I 
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Then 

(n (j\ a *) = ( (n ( (n J 

= (fea p )(6a p )* = (6a p )(a*6*) 
= b(a p a*)b* = bb*(a p a*) 

= a* J ajj (a p a*) 

(p-i \ p 

n^^*) ) ( a P a * P ) = Y\( a ^) 
i=l / i=\ 

Therefore, the theorem is true for m = p. □ 
2. Field of Fractions of Scalar Algebra 

Let D be commutative ring. Let A be D-algebra with conjugation. According 
to the definition [7]-4.2, scalar algebra Re A is commutative associative ring. Let 
the ring Re A be entire. 2 Then there exists field F of fractions of ring Re A. 3 

According to construction that was done in subsections [8J-4.4.2, [8J-4.4.3, a 
diagram of representations of Re A-algebra A has form 

Re A A — -*^- A fi, 2 (d):a^da 

■,f 1:2 /2.3(a) : b^ C A {a,b) 
Re A CUe£(A 2 ;A) 
A diagram of representations of f-algebra G has form 

F — * — >■ B — B gi,2\d) '■ a>—t da 

•91,2 52,3(a) : C B {a,b) 

F CBeCiB 2 -^) 

We define F-algebra B such that there exists linear homomorphism 4 of Re A-algcbra 
A into F-algebra B 

r 1 : Re A -» F r 2 : A -)• B 

such that ring homomorphism n is embedding of the ring Re A into the ring F 
(page [1]-108) 

(2.1) n(d)=d/l 

and image of a basis Ha of Re A-module A under mapping r 2 is a basis of F- vector 
space B 

(2.2) r,-.T vi T 1;. 



2 See the definition of entire ring on the page [1]-91. 

■^Construction of field of fractions is considered in [1], pages 107 - 110. 
4c 



Sec the definition [6]-6.2. 
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Based on the equation (2.1) we can identify rf G ReA and its image 

n(d) = d 

Theorem 2.1. F-algebra B is algebra with conjugation. The field F is scalar 
algebra of F-algebra B. Structural constants of F-algebra B coincide with structural 
constants of Re A-algebra A 

(2-3) Cfl.jj = C A Xj 

Proof. From the equation (2.2) it follows that 

(2-4) r 2 .f = 5} 

From the equation (2.4) and the theorem [6]-6.4 it follows that 

(2-5) C A l tj = niC^i = %61C B . 1 „ 

The equation (2.2) follows from the equation (2.5). From the equation (2.5) and 
the theorem [7]-4.5 it follows that F-algebra B is algebra with conjugation and the 
field F is scalar algebra of algebra B. □ 

Below we will assume that Re A is a field. 
According to the theorem [7]-4.9 

(2.6) aa* e Re A 

In contrast to complex field and quaternion algebra, the field Re A can be different 
from the real field. The concept of order may be missing in the field Re A. So 
we cannot accept the expression (2.6) as norm in the algebra A. Even more, this 
expression can be equal 0. 

Theorem 2.2. a 6 A is invertible in the Re A-algebra A iff 

(2.7) aa* ^ 
Since the condition (2.6) is true, then 

(2.8) a' 1 = —a* 

aa* 

Proof. By definition, a <G A is invertible, if there exists a -1 6 A such that 

(2.9) aa^ 1 = 1 
From the equation 

aa* = aa* 
and the equation (2.6), it follows that 

(2.10) aa* = aa* 

aa* aa* 

We can represent right part of the equation (2.10) as 

(2.11) J_ aa * = ^^l = i 

aa* aa* 1 

Since the product in Re A-algebra A is bilinear mapping, then we can represent left 
part of the equation (2.10) as 

(2.12) — aa*=a(— a" 

aa* V aa* 
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From equations (2.10), (2.11), (2.12), it follows that 

(2.13) a (-L *) = 1 

(2.8) follows from equations (2.9), (2.13). 
Since 

(2.14) aa* = 

then a £ A is left and right zero divisor. 5 According to the theorem [3] -6. 3, a € A 
does not have inverse. □ 

Remark 2.3. Using the notation considered in the beginning of this section we can 
say that it follows from the theorem 2.2 that F-algebra B is algebra which has the 
greatest possible set of invertible elements of Re A-algebra A. F-algebra B is called 
algebra of fractions of algebra with conjugation A. □ 

Definition 2.4. Let us denote 

Aq — {a £ A : a a* = 0} 

the set of zeros of algebra A. According to the theorem 2.2, a £ Aq iff cither 
a = 0, or a is zero divisor. Let us denote 

Ai = {a e A : a a* ^ 0} 

set of invertible elements of algebra A. □ 

Let a e Ai, b G A. Left fraction is represented by expression 

a~ 1 b = a*b 

a a* 

Right fraction is represented by expression 

baT 1 — ba* 

a a* 

The set of fractions in algebra is not limited by left or right fractions. For instance, 
expressions 

(a-i&Xc-M) a^b + c^d 

are also fractions. 

We can define few equivalence relations on the set of fractions. For instance, 
since d € Re A, then 

a~ l b - {da)-\db) (a- l (db))(c-*f) = (a- l b)(c-\df)) 

However, the question about canonical form of fraction is not trivial task, at least, 
at current time. 



5 From equations 



aa* =CS a°a -C^a fc o ! 
a*a = Cg a°a° -C^a k a l 



and the equation (2.14), it follows that aa* = 0. 
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3. Algebra of Polynomials 

Let D be the commutative ring of characteristic 0. Let A be D-algcbra. Algebra 
of polynomials A[x] over Z?-algebra A is generated by the set of monomials. 
The following theorem (the section [5]-5.2) describes the structure of the monomial 
Pk of power fc, k > 0, in one variable over associative D-algebra A. 

Theorem 3.1. Monomial of power has form ao, ao £ A. For k > ; 

p k (x) = p k _i{x)xa k 

where a k £ A. 

Proof. Actually, last factor of monomial Pk{x) is either a k £ A, or has form x l , 
I > 1. In the later case we assume a k = 1- Factor preceding a k has form x l , I > 1. 
We can represent this factor as x l " 1 x. Therefore, we proved the statement. □ 

In particular, monomial of power 1 has form p\{x) = a$xa\. From theorems 
3.1, [5J-3.41, it follows that we can associate the tensor ao ® a\ ® ... <g> a k to each 
monomial p k ■ 

Order of the factors is essential in the nonassociative algebra. So the theorem 
3.1 gets following form. 

Theorem 3.2. Monomial of power has form ao, oq 6 A. For k > 0, there exist 
monomials pi, p mt m + I = k, such that 

p k (x) = a k .iPi(x)a k .2P m {x)ak-3 
where a k -i, a k -2, a k -3 £ A. □ 

Since Z?-algcbra A is algebra with conjugation, then we can extend the mapping 
of conjugation onto algebra of polynomials as well we can consider polynomials over 
ring Re A. Since the structure of polynomial over ring Re A is different from the 
structure of polynomial over algebra A, then determination of relationship between 
algebras Re A[x] and A[x] is nontrivial problem. 

Since p(x) is monomial over algebra, then, according to the theorem 1.4, we 
can consider an expression p{x){p{x))* as polynomial r(y) with variable y = xx* 
over algebra Re A. Although for an arbitrary polynomial p{x) £ A[x], expressions 
p(x) + (p(x))* , p{x)(p(x))* take values in ring Re A, it is not clear whether we can 
consider these expressions as polynomials over ring Re A. 

There exist algebras with conjugation where conjugation does not depend lin- 
early on identity mapping (sec, for instance, section [2]-6). In such case for any 
polynomial, expression 

p(x)(p(x))* 
depends from two variables: x and x* . 

Consider algebras with conjugation where conjugation linearly depends on iden- 
tity mapping 

X* = S(x) = Si.QXSi.i 

(for instance, the mapping [4]-(4.3.35) in quaternion algebra, the mapping [4]- 
(4.5.99) in octonion algebra). In such case for any polynomial p(x), expression 

p(x)(p(x))* = r(x) 

is polynomial. 

Let the ring Re A be a field. 
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Definition 3.3. Let p{x) be polynomial over algebra A. a £ A is called root of 
the polynomial p, if p(a) £ Aq. □ 

According to the theorem 2.2, for polynomial p(x), following expression is de- 
fined 

(3-1) - 1 €ReA 

p(x)(p(x))* 

for any x £ A which is different from root of polynomial p(x). Therefore, the 
mapping 

(3-2) (p(x))- 1 = / ..> (!))' 

p{x){p{x)Y 

is defined properly for x which is not root of polynomial p. 

Algebra A(x) generated by expressions like (3.2) is called algebra of rational 
mappings of algebra A. 

4. Ideal 

Definition 4.1. Subgroup B of additive group of algebra with conjugation A is 
called left ideal of algebra, 6 if 

aB C B a e A 

Subgroup B of additive group of algebra with conjugation A is called right ideal 
of algebra, if 

Bad B a e A 

Subgroup B of additive group of algebra with conjugation A is called ideal of 
algebra, if B is both a left and a right ideal. □ 

Example 4.2. Let A be algebra with conjugation, a & A. The set Aa is left ideal 
called left principal ideal of algebra A. 7 The set a A is right ideal called right 
principal ideal of algebra A. The set AaA is ideal called principal ideal of 

algebra A. □ 

Theorem 4.3. Let A be associative algebra with conjugation, a <E A . Then 

(4.1) Aa £ A 

(4.2) aA £ A 

Proof. Let b £ A. From the definition 2.4 it follows that 

(4.3) (ba)(ba)* = (ba)(a*b*) = b(aa*)b* = 

(4.4) (ab)(ab)* = (ab)(b*a*) = a(bb*)a* = (bb*)(aa*) = 

The statement (4.1) follows from the equation (4.3). The statement (4.2) follows 
from the equation (4.4). □ 



6 This definition is based on the definition [1], page 86. 
7 [1], page 86. 
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Theorem 4.4. Let A be associative algebra with conjugation, a G A, b G Aq. 
Algebra of polynomials A[x] has left ideal 

Zfta, b)A[x] A\x) : p(a) G Ab} 

Algebra of polynomials A[x] has right ideal 

Zl{a, b)A[x] = {p e A[x) : p(a) G bA] 

Proof. The theorem follows from definitions considered in the example 4.2 and the 
theorem 4.3. □ 

We can prove similar theorems. 

Theorem 4.5. Let A be associative algebra with conjugation, a G A. Algebra of 
polynomials A[x] has ideal 

Z\a)A[x] ={p£ A[x] : p(a) = 0} 

□ 

Theorem 4.6. Let A be associative algebra with conjugation, a G A, b G Aq. 
Algebra of rational mappings A(x) has left ideal 

Zfta, b)A(x) ={pe A(x) : p{a) G Ab} 

Algebra of rational mappings A(x) has right ideal 

Z\(a, b)A(x) = {p£ A{x) : p{a) G bA} 

□ 

Theorem 4.7. Let A be associative algebra with conjugation, a G A. Algebra of 
rational mappings A(x) has ideal 

Z 1 (a)A(x) = {pe A{x) : p{a) = 0} 

□ 
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Ajire6pa Hacrawx ajire6pbi c conpa»;eHHeM 



AjieKcaHflp KjieiiH 



Ahhotal^mh. B CTaTte paccMOTpeHHO bo3mc»khoctb nocTpoeHHH anre6pBi iacT- 
hbix ajire6pbi c conpajKeiffleM. 51 TaioKe paccMOTpeji anre6py MHorc-MjieHOB h 
ajire6py pai^HOHanBHBix OTo6pa>K6HHH Ha^ anre6poft c conpajKeHHeivi. 



COflEPJKAHHE 

1. BcnoMoraTejibHbie TeopeMbi 1 

2. Ilojie nacTHbix ajire6pti CKajiapoB 4 

3. Ajire6pa MHoroHjienoB 7 

4. H/jeaji 8 

5. Ciiiicok jiHTepaTypbi 9 

6. ITpe^MeTHbiii yKa3aTejit> 11 

7. Cnei^HajibHbie chmbojim h o6o3HaHeHHa: 12 



1. BcnOMOrATEJlbHblE TEOPEMbI 

TeopeMa 1.1. Uycmb a, b € ImA Tozda 

(1.1) Re (ab) = Re (ba) 

(1.2) Im(a&) = -1m(ba) 

(1.3) ab=(ba)* 

/^OKa3ameM>cmeo. Ecjih ycnc-Biie jieMMbi BbinojiHeHO, to 

(1.4) a* = -a b* = -b 

PaBeHCTBO (1.3) HBjraeTCH cjieflCTBiieM paBeHCTBa (1.4) h paBeHCTBa 

ab = a*b* = (bci)* 

OneflOBaTejibHO, paBeHCTBa (1.1), (1.2) hbjihkjtch cjie^CTBHeM paBeHCTB 

ab = Re (ab) + Im (ab) 
ab = (6a)* = Re (ba) — Im (ba) 

□ 
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AjieKcaHflp Kjichh 



TeopeMa 1.2. IJycmti a 6 A. Tozda 

(1.5) aa* = a* a 
/foKasameAbcmeo. PaBeHCTBO (1.5) cjie^yeT H3 paBeHCTB 

aa* = (Rca) 2 - (Rco)(Ima) + (Ima)(Rea) - (Ima) 2 = (Rca) 2 - (Ima) 2 
a* a= (Rca) 2 + (Rca) (Ima) - (Ima) (Re a) - (Ima) 2 = (Rca) 2 - (Ima) 2 

TeopeMa 1.3. Ilycmb A - accoi^uamueHasi ame6pa c conpsioiceHueM. Tozda 1 

(1.6) {ab)(ab)* = (aa*)(bb*) 
/JoKasameA&cmeo. IIocKOjibKy 

a = Rc a + Im a 
b = Rc b + Im b 



□ 



TO 

(1.7) aa* 

(1.8) bb* 

(1.9) ab 
(ab)* : 

(1.10) 



1.11 



(Re a) 2 - (Rca) (Ima) + (Ima) (Rca) - (Ima) 2 = (Rca) 2 - (Ima) 2 
(Rc6) 2 - (Im6) 2 

(Rc a) (Rc 6) + (Rc a) (Im b) + (Im a) (Rc 6) + (Im a) (Im b) 
(Re a) (Re b) - (Re a) (Im b) - (Im a) (Re b) + ((Im a) (Im b) )* 
(Rca)(Rc6) - (Rca)(Im6) - (Ima) (Re b) + (Im6)*(Ima)* 
(Re a) (Re 6) - (Re a) (Im b) - (Im a) (Re b) + (Im 6) (Im a) 
(ab)(ab)* 

=( (Re a) (Re b) + (Rea)(Im6) + (Ima) (Re b) + (Ima)(Im6)) 
*((Rca)(Rc6) - (Rea)(Im&) - (Ima)(Rc6) + (Im&)(Ima)) 
=(Rea)(Re6)(Rea)(Re6) + (Rea)(Im6)(Rea)(Re&)_i_ 
+(Ima)(Re6)(Rea)(Re6)_2- + (Ima)(Im6)(Rca)(Rc&)_ 3 _ 
-(Rea)(Rc6)(Rea)(Im&)_i_ - (Re a)(Im b)(Rc a)(Im b) 
-(Ima)(Reb)(Rea)(Im&)_ 3 _ - ((Ima)(Imo))(Rea)(Im&) 
-(Rea)(Re&)(Ima)(Reb)_ 2 - - (Rea)(Im6)(Ima)(Re&)_ 4 - 
- (Im a) (Re b) (Im a) (Re b) - ( (Im a) (Im 6) ) (Im a) (Re b) 
+(Rea)(Re6)(Im&)(Ima)_ 4 - + (Rea)(Im6)((Im6)(Ima)) 
+(Ima)(Reo)((Im6)(Ima)) + ((Ima)(Im&))((Im&)(Ima)) 



^Teopeivia 1.3 HMeeT 6ojiee npocToe AOKasaTejiBCTBO. A zMeHHO, TeopeMa cjie^yeT H3 paBeH- 

CTBa 

(ab)(ab)* = (ab)(b*a*) = a({bb*)a*) = (aa*)(bb*) 
OfltiaKO, 5i HafleiocB HaiiTH ycnoBita, Koryja Teopeivia 1.3 BepHa rjisl HeaccoiriiaTHBHOH ajire6pbi. 
IlpHBefleHHoe flOKa3aTejibCTBO sBJiseTCsi ochoboh ^jih 6yayiLi,ero HCCJie^OBaHUJi. 
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H3 paBeHCTBa (1-11) cjie^yeT 
(ab)(ab)* 
= (Rea) 2 (Re&) 2 

-(Rca) 2 (Imfo) 2 -(Ima) 2 (Re&) 2 
+ ( (Im a) (Im b) ) ((Im b) (Im a) ) 

-((Ima)(Im&))(Rea)(Imb) + (Reo)(Im6)((Im6)(Ima)) 
-((Ima)(Im&))(Ima)(Re6) + (Ima)(Re&)((Im6)(Ima)) 
Ecjih npoH3Be/i,eHHe b ajire6pe A accoiriiaTiiBHO, to 

((Ima)(Im6))(Im6) = (Ima)((Im6)(Im6)) 
((Imi>)(Im6))(Ima) 
(Im6)((Im 6)(Imo)) 
(Im a) ((Im b) (Im a) ) 
(Im a) ( (Im b) ((Im b) (Im a))) 
(Im a)(((Im 6)(Im fo))(Im a)) 
= ( (Im a) (Im a) ) ( (Im 6) (Im 6) ) 
= (Ima) 2 (Im6) 2 
Ha paBencTB (1.12), (1.13), (1.14), (1.15) cjie fl ye T 

(ab)(ab)* =(Rea) 2 (Rc6) 2 - (Rca) 2 (Im6) 2 
-(Ima) 2 (Rcfe) 2 + (Ima) 2 (Imfe) 2 
(1.16) =(Rea) 2 ((Rc&) 2 - (Im&) 2 ) 

-(Ima) 2 ((Rcfc) 2 - (Imb) 2 ) 
=((Rea) 2 - (Ima) 2 )((Refo) 2 - (Im6) 2 ) 
PaBeHCTBO (1.6) cjie/ryeT H3 paBGHCTB (1.7), (1.8), (1.16). 
Teopeivra 1.4. Ilycmb A - accovAiamuGHaH a,Aze6pa c conpjiatceHueM. Tozda 



(1.13) 
(1.14) 
(1.15) 



( (Im a) (Im b) ) (Im a) 
( (Im a) (Im b) ) ((Im b) (Im a)) 



□ 



(1.17) 




1 



/toKasameAbcmeo. JSjin m = 1 yTBepjKflemie TeopeMbi oneBHflHO. fljia m = 2 Teo- 
peivra cjie^yeT H3 TeopeMbi 1.3. ITycTb yTBepscflemie TeopeMbi BepHO pjisi m = p — 1. 
IlycTb 

p-i 
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Tor^a 

OHtjM -((n*M ((§*) -) 

= (fea p )(foa p )* = (6a p )(a;6*) 
= b(a p a*)b* = bb*(a p a*) 

= f JJ a; J (a p a*) 

= fiiKai)) («p«p = n^o 

\i=l / i=l 

CjieflOBaTejibHO yTBepayjeiiiie TeopeMbi BepHO fljia m = p. □ 

2. IIOJIE MACTHblX AJlTEBPbl CKAJMPOB 

IlycTb D - KOMMyTRTiiBHoe kojibe,o. IlycTb A - D-ajire6pa c conpaaceniieM. Co- 
rjiacno onpeflejieHHio [7]-4.2, ajire6pa CKajiapoB Re A HBjiaeTCH KOMMyTaTiiBHbiM 
accou,HaTHBHbiM KOjibij;oM. IlycTb kojibu,o Re A HBjiaeTCH u,ejiocTHbiM. 2 Toiyja cy- 
m,ecTByeT nojie F nacTHbix KOjibu,a Re A 3 

CoraacHO nocTpoeniiHM, BbinojiHeHHbiM b pa3flejiax [8]-4.4.2, [8]-4.4.3, ^narpaM- 
Ma npeflCTaBjieHiift Re A-ajire6pbi A HMeeT Biifl 

Re ^ j±i^ A A /1.2(d) -a^da 

:-.f 1:2 /2.3(a) : b^ C A {a,b) 
RcA C A €£(A*;A) 
fliiarpaMMa npeflCTaBjiemiii .F-ajireGpbi G HMeeT BHfl 

„ 91,2 92,3 /in , j 

F — * — ^ B — *^ B 9i,2\d) : a-^ da 

91,2 52,3(0) : C B {a,b) 

F C B eC(B 2 ;B) 

Mbi onpeflejiiiM _F-ajire6py B t&k, hto cymecTByeT jiiiHeftHbiii roMOivrop(pii3M Re A- 
ajire6pbi A b F-&jire6py B 

ri : Re A ^ F r 2 : A ->■ B 

TaKoii, hto roMOMopcpH3M KOjien, n HBjiaeTCH Bjio>KeHHeM KOJibna Re A b Kcuibnp 
F (cTpaHiin,a [l]-86) 

(2.1) n(d)=d/i 

11 o6pa3 6a3Hca e A Re A-Mopyjisi A npii OTo6pajKeHiiH r 2 aBjiaeTCH 6a3HCOM F- 
BeKTopHoro npocTpaHCTBa B 

(2.2) r 2 oe A .i = e B -i 



^Cmotph onpeflejieHHe uejiocTHoro Kojitua Ha CTpamme [l]-79. 
'^IlocTpoeHHe nojia nacTHBix paccMOTpeimo b [1], CTpaHHijH 85 - 88. 
4r 



Cmotph onpeflejieHne [6]-6.2. 



Ajirc6pa l iacTHt>ix ajire6pbi c conpajKCHHCM 
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Ha ocHOBe paBeHCTBa (2.1) Mbi MOxeM otojk^cctbhtb d £ Re A h ero o6pa3 

n(d) = d 

TeopeMa 2.1. F-aAze6pa B siejifiemcsi aAze6pou c coupMotcenueM. IIoAe F R6AH- 
emcsi ajize6pou CKaAJipoe F-aAze6pu B. CmpyKmypHue KOHcmanmu F-aAze6pa B 
coenadawm co cmpyKmyptiUMU KOHcmanmaMU Re A-aAze6pu A 

(2-3) ^Bij = ^Aij 

/toKasameAbcmeo. H3 paBeHCTBa (2.2) cjie^yeT 

(2-4) rj = S} 

H3 paBeHCTBa (2.4) ii TeopeMti [6]-6.4 cjiepyei 

(2-5) CU.k = niC^Sl = 6fS]C B l pq 

PaBeHCTBO (2.2) cjie^yeT H3 paBeHCTBa (2.5). H3 paBeHCTBa (2.5) h TeopeMBi [7]-4.5 
cjie^yeT, hto -F-ajire6pa B HBjiaeTCH ajire6poit c conpjKKeHneM h nojie F HBjraeTCH 
ajire6poit CKajispoB ajire6poii CKajiapoB ajire6pBi B. □ 

B flajiBHefinieM mbi 6yn,eM nanaraTB, hto Re A HBjiaeTCH nojieM. 
CorjiacHO TeopeMe [7]-4.9 

(2.6) aa* eReA 

B OTjiHHHe ot nojiH KOMnjieKCHbix Huceji 11 ajire6pbi KBaTepHiiOHOB, nojie Re A 
mojket 6bitb otjihhho ot iiojih fleitcTBHTejibHbix HHceji. B nojie Re A MO»ceT OTcyT- 
CTBOBaTb noHSTHe nopHflxa. HosTOMy mbi He MO»ceM HHTepnpeTiipoBaTB BBipa»ce- 
HHe (2.6) KaK HopMy b ajire6pe A. Bojiee Toro, sto BtipajKeHHe mcqkct 6bitb paBHO 
0. 

TeopeMa 2.2. a E A o6pamuM e Re A-ame6pe A mozda u moAt>KO mozda, Kozda 

(2.7) aa* ^ 
Ecau ycAoeue (2.6) eunoAHeno, mo 

(2.8) a' 1 = —a* 

aa* 

JJoKaaameA-bcmeo. Ho onpeflejiemiio, a € A o6paTHM, ecjiH cymecTByeT a -1 G A 
TaKoii, HTO 

(2.9) aa- 1 = 1 
H3 paBeHCTBa 

aa* = aa* 

h paBeHCTBa (2.6) cjie^yeT 

(2.10) —aa* = —aa* 

aa* aa* 

Mbi MO»ceM npe^CTaBHTB npaByro nacTB paBeHCTBa (2.10) b BH,n,e 

. , 1^1 aa* 

(2.11) aa* = = 1 

aa* aa* 1 

ilocKOjiBKy npoii3Be,neHHe b Re A-ajire6pe A - 6HjiHHeiiHoe OTo6pa*:eHHe, to mbi 
M05K6M npeflCTaBHTB jieByio nacTB paBeHCTBa (2.10) b BH/je 
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H3 PcLbghctb (2.10), (2.11), (2.12), cjie^yeT 

(2.13) a (-L *) = 1 

(2.8) cjie,nyeT H3 p&bshctb (2.9), (2.13). 
Ecjih 

(2.14) aa* = 

to a G A HBjraeTCH jieBbiM h npaBbiM ^ejiHTejieM Hyns:. 5 CorjiacHO TeopeMe [3]-6.3, 
a G A He HMeeT o6paTHoro. □ 

3aMeuaHue 2.3. Hcnojib3ya oGoaHa^ieHiia, paccMOTpeHHbie b Ha^ajie pa3flejm, mbi 
MOxeM yTBepjK,n,aTb, hto h3 TeopeMbi 2.2 cjieflyeT, hto i* 1 -ajire6pa B HBjiaeTCH 

ajire6pOH, B KOTOpOH o6paTHMO MaKCHMajIBHO B03MOJKHOe MHOJKeCTBO SJieMeHTOB 

Re yl-ajire6pbi A. f-ajireGpa B Ha3biBeTCH ajire6pofi nacTHtix ajire6pBi c co- 
npHJKeHHeivr A. □ 

Onpe/jejiemie 2.4. 06o3HaHHM 

Aq — {a G A : a a* = 0} 

MHOJKecTBO Hyjieii ajire6pBi A. CorjiacHO TeopeMe 2.2, a G Aq Tor^a h tojibko 
Tor/i,a, Kor^,a jih6o a = 0, jih6o a aBjiaeTCH /jejiHTejieM Hyjia. 06o3HanHM 

Ai — {a G A : a a* ^ 0} 

MHOJKecTBO o6paTHMtix 3JieMeHTOB ajire6pBi A. □ 

IlycTb a G A\. b G A. JleBaa ,zrpo6B npeflCTaBjiena BbipajKeHHeM 

a - 1 b= —a*b 
a a* 

FIpaBaH flpo6B npeflCTaBjieHa BbipajKemieM 

ba^ 1 = ba* 

a a* 

Mhojkcctbo flpo6eii b ajire6pe He orpamiHeHO jieBbiMH hjih npaBMMH ,npo6sMH. 
HanpiiMep, BbipajKeHna: 

(a-^Xc-M) a- 1 b + c- 1 d 

TaKace hbjihiotch .apoosMH. 

Ha MHO»cecTBe flpoGefi mojkho onpeflejiHTb HecKOjibKO OTHOHiemiH SKBHBajieHT- 
hocth. HanpiiMep, ecjin d G Re A, to 

a- x b = {da)~ 1 {db) { a - l (db)){c- 1 f) = (a^^ic^df)) 

O^HaKO Bonpoc o KanonHHecKOH (popivre apo6h - 3aflana HeTpHBHajibHaa, no Kpafi- 
Hefi Mepe, b flaHHbiii momcht BpeMeHH. 



5 H3 paBeHCTB 



aa* =Cg a°a° -C^a k a l 
a*a = CS a.°a -C^a k a l 



h paBeHCTBa (2.14) cne,n,yeT aa* = 0. 
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3. AjirEEPA MHOrOMJIEHOB 

IlycTb D - KOMMyTciTHBHoe kojibho xapaKTepHCTHKH 0. IlycTb A - _D-ajire6pa. 
Ajire6pa MHoronjieHOB A[x] Ha,a, D-ajire6pofi A nopojKfleHa mhojkgctbom 
ojxHOHjieHOB. CipyKTypa o/nroHjieHa pk CTeneHH k, k > 0, o^,hoh nepeMeHHOft Ha/; 
accoipiaTHBHOH _D-ajire6pofl A onHcaHa b cjieflyromeH TeopeMe (pa3fleji [5]-5.2). 

TeopeMa 3.1. Odnonjien cmenenu uMeem eud oq, ao 6 A. JJam k > ; 

Pk(x) = pk-x(x)xa k 

zde ak G A. 

/joKa3amejibcm6o. ^eftcTBHTejiBHO, nocjie/niHii mhoskhtcjiij o/nronjieHa pk{x) hb- 
jiaeTCH jih6o dfc S A, jih6o HMeeT bha x l , I > 1 . B nocne/nieM cnynae mm iiojiojkhm 
Ok = 1. MHOJKHTejib, npe/nnecTByioiHHH a&, HMeeT bh/i, x , I > 1. Mh MO»ceM 
npeflCTaBHTb stot MHOJKiiTejib b BHfle x l ~ 1 x. CjieflOBaTejibHO, yTBepjKfleHHe flOKa- 
3aHO. □ 

B lacTHOcra, oflHOHjieH CTenemi 1 HMeeT btirpi(x) = aoxai. Ife TeopeM 3.1, [5]- 
3.41 cjieflyeT, hto KajKflOMy oflHOHjieHy pk mm mokem conocTaBHTb TeH3op ao ® 
m <8 ... ® afe . 

B HeaccorniaTHBHOH ajire6pe nopaflOK coMHOJKHTejieii CTaHOBHTCH cymecTBeH- 
hmm. IlosTOMy TeopeMa 3.1 npno6peTaeT cneflyromyio (popMy. 

TeopeMa 3.2. OdnoHJien cmenenu UMeem eud ao, ao £ A. ^ah fc > 0, cywfi- 
cmeymm odnoujienu pi, p m , m + I = fc, maKue, umo 

Pk(x) = a k .iPi{x)a k .2Pm{x;)ak-z 

zde Ofc.i, a fc . 2; a fc . 3 ei □ 

Ecjih _D-ajire6pa A HBjraeTCH ajire6pofi c conpjDKeHHeM, to mbi mojkcm paccnpo- 
CTpaHHTB OTo6pajKeHHe conpH>KeHHH Ha ajire6py MHoronjieHOB, a TaKsce paccMaT- 
pHBaTb MHoroHjieHM Hafl kojibhom Re A. Tax KaK CTpyKTypa MHoronjieHa Hafl kojib- 
hom Re A OTjinnaeTCH ot CTpyKTypM MHoronjieHa Hafl ajire6poii A, to onpeflejieHHe 
CB33H MejKfly ajire6paMH Re A [a;] h A[x] HBjiHeTCH HeTpHBHajibHofi saflanefi. 

Ecjih p(x) - oflHOHjieH Hafl ajire6poii, to, corjiacHO TeopeMe 1.4, mm mojkcm pac- 
CMaTpHBaTb BMpajKeHne p(x)(p(x))* KaK MHoronjieH r(y) c nepeMeHHOfl y = xx* 
Ha,n, ajire6poH Re A. Xoth jijih npoH3BOjii>Horo MHoronjieHa p{x) € A[x] BMpajKe- 
hhh p(x) + (p(x))* , p(x)(p(x))* npHHHMaiOT 3HaHeHns b KOjibne Re A, coBceM He 

OHeBHflHO, MOvKeM JIH MM 3TH BMpajKeHHH paCCMaTpHBaTb KaK MHOrOHJieHbl Ha^ 

kojibh^om Re A. 

CymecTByiOT ajire6pbi c conpscKeHneM, b kotopmx conpajKeHHe He 3aBHCHT jih- 
HeiiHO ot TOJKflecTBeHHoro OTo6pajKeHHH (cmotph, HanpHMep, pa3/i,eji [2]-6). B stom 
cjiynae pjia npoH3BOJiBHoro nojiHHOMa BbipajKeHiie 

p(x)(p(x))* 

3aBHCHT ot flByx nepeMeHHbix: x h x* . 

PaccMOTpHM ajire6pbi c conpa>KeHHeM, b kotopbix conpajKeHne jihhchho 3aBHCiiT 
ot TO»c,n,ecTBeHHoro OTo6pa»:eHHH 

x* = s(x) = Sj.o x Sj.i 
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(HanpiiMep, OTo6pajKeHHe [4]-(4.3.35) b ajire6pe KBaTepmiOHOB, OTo6pa3KCHiic [4]- 
(4.5.99) b ajire6pe oktohiiohob). B stom cjiynae pjisi npoH3BOjibHoro nojiHHOMa p(x) 
Bbipa>KeHHe 

p(x)(p(x))* = r(x) 

HBJIHeTCH nOJIHHOMOM. 

IlycTb kojibiio Rc A aBjiaeTCH nojieM. 

Onpe^ejieHHe 3.3. IlycTb p{x) - nojinHOM Ha,n ajire6pon A. a £ A Ha3biBaeTCH 
KopHeM nojiHHOMa p, ecjiH p(a) e Ao- D 

CorjiacHO TeopeMe 2.2, p/isi nojiHHOMa p(x) onpeflejieHO BbipajKemie 

(3.1) 1 eReA 

p{x)(p(x))* 

pjisi jno6oro igi, OTjiH^Horo ot kophs nojiHHOMa p(x). CneflOBaTejibHO, OTo6pa- 
scemie 

(3-2) (p(x))- 1 = / ^ (p(x)T 

KoppeKTHO onpeflejieHO pjm x, He HBjiHioinnxcfl: kophhmh MHoronjieHa p. 

Ajire6pa A(x) , nopojKfleHHaH BbipajKennsMn BH^a (3.2) Ha3biBeTCH ajire6pofi 
pau;HOHajibHBix OTo6pajKeHHH ajire6pBi A. 

4. HflEAJI 

Onpe/jejiemie 4.1. Hoflrpynna B a^HTHBHOii rpynnbi ajire6pbi c conpajKeHneM 
A Ha3biBaeTCH jieBBiM HfleajioM ajire6pbi, 6 ecjin 

aB C B a e A 

Iloflrpynna B a/mHTHBHOft rpynnbi ajire6pbi c conpajKenneM A Ha3biBaeTCH npa- 
bbim H,a,eajioM ajire6pbi, ecjin 

Ba C B a£ A 

Iloflrpynna B a/rjniTHBHon rpynnbi ajire6pbi c conpajKenneM A Ha3biBaeTCH wp,e- 
ajioM ajire6pbi, ecjin B o^HOBpeMeHHO HBjiaeTCH JieBbiM h npaBbiM nfleajiOM. □ 

IIpHMep 4.2. IlycTb A - ajire6pa c conpajKeroieM, a £ A. Mhojkcctbo Aa hb- 
jiaeTCH JieBbiM HfleajiOM, na3bmaeMbiM JieBBiM rjiaBHbiM H/jeajioM ajire6pbi A. 
MnojKecTBO aA HBjiaeTCH npaBbiM n^eajiOM, Ha3biBaeMbiM npaBBiM rjiaBHBiM 
H,a,eajioM ajire6pbi A. MnojKecTBO AaA HBjiaeTCH njo,eajiOM, Ha3biBaeMbiM rjiaB- 
hbim HfleajiOM anre6pbi A. □ 

TeopeMa 4.3. TTycmb A - accov^uamuenasi ajize6pa c conpsiMcenueM, a £ Aq. 
Tozda 

(4.1) Aa £ Aq 

(4.2) aA £ A 



^3to onpe^ejiemie onupaeTCH Ha onpe/^ejieHHe [1], crp. 75. 
^[1], cTpamina 75. 
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floKa3ameM>cmeo. ITycTb b 6 A. H3 onpeflejienHH 2.4 cjie/iyeT 

(4.3) (6a) (6a)* = (ba)(a*b*) = b(aa*)b* = 

(4.4) (a6)(a6)* = (ab)(b*a*) = a{bb*)a* = (bb*){aa*) = 

YTBepjKfleHHe (4.1) cjie^yeT 113 paBeHCTBa (4.3). YTBepjK/jeHHe (4.2) cjie^yeT H3 
paBeHCTBa (4.4). □ 

TeopeMa 4.4. Ilycmb A - accouxLamuenasi aAze6pa c coupjutcenueM, a £ A, b £ 
Aq. Ame6pa MuozoHAeHHoe A[x] UMeem Aeeuti udeaA 

Z\\a, b)A[x] ={pe A[x] : p{a) e Ab} 

Ajize6pa mhosohaghhog A[x] UMeem npaeuu udeaA 

Zl(a, b)A[x] ={pe A[x] : p{a) e bA} 

/JoKa3ameAbcmeo. TeopeMa aBjiaeTCH cjie^CTBHeM onpeflejiemiii, paccMOTpeHHbix 
b npiiMepe 4.2 1 TeopeMbi 4.3. □ 

Bepnbi TaKJKe aHajionraibie TeopeMbi. 

TeopeMa 4.5. Ilycmb A - accouuamuenasi aAze6pa c conp^jtcenueM, a £ A. Aa- 
ze6pa MH030HA6HHO6 A[x] UMeem udeaA 

Z 1 {a)A[x] ={pe A[x] : p(a) = 0} 

□ 

TeopeMa 4.6. Ilycmb A - accouiiamuenaR aAze6pa c conpjutcenueM, a 6 A, b 6 
Aq. AAzeGpa pau,uoHaAt>Hux omo6paotceHuu A{x) UMeem Aeeuti udeaA 

Zfta, b)A(x) ={pe A{x) : p(a) e Ab} 

AAze6pa pauiLOHaAtnux omo6pamcenuu A(x) UMeem npaeuu udeaA 

Zl{a, b)A(x) ={ P e A(x) : p(a) e bA} 

□ 

TeopeMa 4.7. Ilycmb A - accouuamuenasi aAze6pa c conp^jtcenueM, a £ A. Aa- 
ze6pa pau^uonaAtHux omo6paotcenuu A(x) UMeem udeaA 

Z 1 {a)A{x) = {pe A{x) : p(a) = 0} 

□ 
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6. IlPEflMETHblH YKA3ATEJIb 



ajire6pa MHoro^uieHOB Ha^ D-ajire6poii 7 
ajireSpa pau,HOHajibHbix OTo6pa?KeHHH 
ajire6pi>i 8 

ajireSpa MacTtibix ajire6pbi c conpsjKeHHeivi 
6 

rjiaBi-ibiH Hfleaji 8 

Hfleaji ajire6pi>i 8 

KOpeHt nojinHOMa 8 

jiesaH flpo6b 6 

jieBbifi rjiaBHbiii imeaji 8 

jieBbifi Hfleaji ajire6pbi 8 

mho)K6ctbo Hyjiefi ajire6pbi 6 

MHOJKeCTBO 06paTHMbIX SJieiVieHTOB 

ajire6pbi 6 

npaBaa flpo6B 6 

npaBbifi rjiaBHbift Hfleaji 8 

npaBbiii H^eaji ajire6pbi 8 
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7. CnEI^MAJlbHblE CHMBOJlbl H OB03HAHEHH5I 

A[x] ajire6pa MHoroHJieHOB Ha,n, D- 

ajire6pofl A 7 
A{x) ajire6pa pan,noHajibHbix 

OTo6payK6HHH ajire6pbi A 8 

a b jieBaa ppofa 6 

Aa jieBBifl rjiaBHbiii tifleaji 8 

AaA rjiaBHbifi H^eaji 8 

aA npaBBifi rjiaBHBift n^eaji 8 

A\ MHO»CeCTBO o6paTHMBIX 3JieMeHTOB 

ajire6pbi A 6 
Aq MHO^cecTBO Hyjieii ajire6pbi A 6 

ba _1 npasaa ^po6b 6 
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